
APPLICATION OF ORTHOGONAL

POLYNOMIALS IN FITTING AN

ASYMPTOTIC REGRESSION CURVE

By a. S. Chopra *

Institute of Agricultural Research Statistics, New Delhi

I. Introduction

The asymptotic regression curve Y= a —P' is widely used in
describing non-linear regression. This functional form has been found
to fit particularly well in describing yield-dose relationship with
fertilizer application to agricultural crops.

In estimating the parameters a, j8 and p of the asymptotic regres
sion curve, p presents the major difficulty when more than three equally
spaced values of ;)c's are given (the value of x may be taken as 1,
2---n). If/owere kiiown, a and j8 can be obtained by fitting a linear
regression of F and p". Various methods of estimating p have been
proposed by Hartley (1948), Stevens (1951), Gomes (1953) and Patterson
(1956). The limitation of these methods are many, for example Stevens
(1951) method involves the inversion of the information matrix and
the tables are available only for n = 5, 6 and 7 for P=0-25 to 0-70
and that of Gomes (1953) involves in finding out a root of the
equation.

P^iZ)SY + P^{Z)2xYZ'^+ Ps{Z)SYZ"' = 0 .
where Pi (Z), P (Zj) and P^ (Z) are polynomials in Z and Z lies between
0 and 1. If the equation has no root between 0 and 1, the fitting of
the curve cannot be carried out. On the other hand, if two or more
such roots were to be found it would not be possible to choose among
them and the tables for the Solution are available only for n —4
or 5. Patterson (1956) has proposed an ingenious and simple method
of estimating p as the ratio of two contrasts. The coefficients of the
contrasts were obtained with the help of tables prepared by Stevens
(1951). He showed that this estimate was highly efficient. The method
proposed by Patterson wholly depends on Stevens' method which is
difficult for n greater than seven. Thus Patterson could give estimate
for /5 for n.= 4, 5, 6 and 7 and they are fully efficient for n = 4 when

= 0-26 and « = 5, 6 and 7 when p lies in the range 0.-3 to 0-5.
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Shah (1961) extended Patterson's method to the problem of fitting
the curve Y = a. ^x-\- Xp' for equally spaced ordinates.

In the present discussion, a procedure is given •for fitting the
extended asymptotic regression curve of the type of F = Aq + '

+Ap'' for equally spaced levels of x and the results of asymptotic
regression curve Y = a —^p" have been compared with those of
Patterson's method.

2. The New Approach

Consider 7 = Oq + + h a^x'' + Xp".

This curve involves /c + 3 number of parameters, viz., a^, ••
Cft, Aand p. Of all the parameters p presents the major difficulty
in estimation. Once the estimate of p is known, the other parameters
are obtained by fitting a multiple linear regression of Y on ;c,
x^, • • -x" and p\

P has been expressed as the ratio of two contrasts where the
coefiicients of the contrast corresponds to the coefficients of
corresponding to n — 1 when n is the number of levels. If the number
of levels are greater than the number of parameters then this will serve
as an approximate estimate to p.

where

p ^ + ••• + _ A
A'lJ'n-l + A'2>'„-2 + • •• + P;i~xyi ^

(i) fii = 0 and coefficients are those of corres-
t=i

ponding to « — 1.

(ii) E(Yi) = flg + ®i. ' + ^21^ + ••• + Xp''.
(iii) E(Y,^ yd (7, -y,)=c^ if / =

= 0, if i^J.

~§^j neglecting bias.
EiA) = —^p'̂ ip-ip"-^ + •• • -j-p„_j)

£(5) = -^pOxjAH-•••

<i)-'
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^ Var (B) _ 2Coy (A, B)]\b) I \(E{A)y {E{B)y E{A)E{B)\

(1 + p^) Z — 2p UflifMj
i=l i<)

where

<t!
+-• • • +

3. Illustration

Suppose'the regression curve to the fitted is T = Aq + + ^2^^
+ + Ap® when the number of levels are either 6 or 7. For n = 6,
the exact value of p is given by the ratio of two quartic I4' contrasts
corresponding to n —1 (= 5) whose coefficients are ni = 1, p.2 = —4,

= 6, = —4, /xg = 1. The estimate of p is given by

Fs-47s+ 674 -4^3+ Y,
P 75-474 + 673-47^+ 7i-

For n = 7, the estimate of p is given by the ratio of two quartic
contrasts corresponding to n —2{=6) and whose coefficients are

=1, = —3, /X3 = 2, = 2, fj,^ = —3, fig = 1 arid the estimate
is given by:

7,-3 76 + 275 + 274- 373+ 72
7o - 375+,2 74 + 273 - 37^ + 7^ "

4.1; Relative efficiency of the different methods.

Fitting of Y = a — Pp' .

For the fitting of this curve the following values of jj. were proposed
by Patterson for different values of n:

M= 4, /ii = 4, /i2= 1, /xj = — 5

n = 5,= 4, ^2 = 3, ^3 = — 1, ^4 = — 6

n = 6, /ij = 4, /i2 = 4, /ig = 2, /X4 = —3, ^5 = —7

n = 7, /J-l = Ij ^2 — Ms = 1) '̂•4 =0) P-S ~ 1; 1^6 ~ 2.

If the values of n are taken as the coefficientof corresponding
to n — 1, we get an estimate of p.

n = 4, /lii = 1, = 0> Ms = — 1

n —5, /xj = 3, p,2= I, P'a— ~ ^

n = 6, /xi = 2, /X2 = 1, ^^3 = ^4 = — 1= = — 2

n = 7,./xi = 5,1^2 = 3, = 1> i"4 = — 1> i«5 = —3, /xg = — 5

and for higher values of n, refer to Fisher and Yates tables.
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The percentage efficiencies for n = 4, 5, 6 and 7 have been calculated
from large sample formula for the variance of p and the most efficient
estimate and are presented in Table I.

Table I

Percentage efficiencies of proposed estimates of p

\
\ "
pX

\

4 5 6 7

0-1 83-6 (95-4) 71'2(88-5) 61-8 (79-2) . 54-5 (74'5)

0-2 89-4 (98-6) 80-0 (95-7) 72-] (90-2) 65-4 (86-8)

0-3 93-3 (99-8) 86-3 (99-2) 79-9 (97-0) 74-5 (95-0)

0-4 95-9 (99-0) 90-3 (99-9) ^ 85-2 (99'6) 80-6 (98-1)

0-5 97-7 (97'4) 92-7 (98-9) 87-4 (98-8) 83-8 (96-8)

0-6 98'7 (98-5) 94-1 (97-0) 89-1 (96-1) 84-7 (92-4)

0-7 99-3 (97-4) 94-8 (94-7) 89-4 (92-5) 84-6 (86-9)

0-8 99-7 (96-3) 95-1 (92-3) 89-4 (88-8) 83-9 (81-3)

0-9 99-97 (95'3) 95-4 (90-0) 89-3 (85-2) 83-6 (76-3)

Note.—The figures in brackets are the efficiencies by Patterson's method.

The rate of decrease in efficiency with the increase in the Value
of n will be small,-for instant, for p = 0-5 efficiency for r, = 8 and 9
is 80-2 and 77'8 in comparison with the most efficient estimate. The
minimum efficiency for p = {)-5 for higher value will be more than
63%. Thus the efficiency of the proposed estimate relative to Patterson's
estimate can be obtained by dividing the percentage efficiency of pro
posed estimate by the percentage efficiency of Patterson's method.

4-2. Fitting of the regression curve

The following jj. coefficients for n = 5, 6, 7 and 8 were proposed
by Shah (1961) for the estimation of p
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« = 5, = 5, = — 4, /X3 = — 7, = 6

n = 6,ij.^ = 10,/Ji = —1,1^3 = —13,= — Il,/Li5 --- 15

« = 7, Ml = 10: ^2 = 1,^3 = —6, /X4 = —14,/tg = —8, /is = 17
« = 8, = 10, /t2 = 5, /X3 = —5, = —12,/xj = —11,

i^6 = —7, /X7 = 20.

The /i coefficients for the proposed estimates are

n = 5, /xi = 1, fxa = —1, /X3 = —1, /X4 = 1

« = 6, Ml = 2,/i2 = —1>/^3 = —2,/X4 = —1,/xs = 2

n = 7, = 5, /X2 = —1, /X3 = —4,^4 = —4, /xg = —1, ^6 = 5

« = 8, Ml = 5, ^2 = 0, /X3 = —3, = —4, Ms = —3, Me = 0,

Mj = 5, etc. ,

The percentage efficiencies for n == 5, 6, 7 and 8 have been cal
culated from large sample formulae for the variance of p and the
efficient estimate and are pr^ented in Table II.

Table II

Percentage efficiencies ofproposed estimate of p

p\
5 6 7 8

0-1 89-2 (98-4) 80-3 (97-3) 72-8 (96-0) 66-6 (94-4)

0-2 92-9 (99-7) 86-4 (99-7) 80-8 (99-0) 75-7 (97-8)

0-3 95-5 (99-7) 90-7 (99-7) 86-3 (98-4) 82-3 (96-9)

0-4 97-2 (99-6) 93-6 (98-4) 89-8 (95-5) 86-4 (93-0)

0-5 98-4 (99-0) 95-1 (96-1) 91-6 (91-4) 88-4 (87-5)

0-6 99-0 (98-]) 96-1 (93-7) 92-6 (87-1) 90-1 (82-6)

0-7 99-6 (97-3) 96-9 (91'4) 93-0 (83-0) 89-0 (76-1)

0-8 99-8 (96-3) 97-6 (89-4) 92-9 (79-0) 89-3 (71-8)

0-9 99-7 (95-4) 97-2 (86-7) 93-1 (75-9) 89-6 (68-2)

Note.—Figures in brackets correspond to efficiency by Shah's method.
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5. Example.—As an example of the procedure when n = l. The
Y are average coefficients of correlations between yields separated by
different periods.

Y .. 1-0000 0-7477 0-6851 0-6817 0-5330 0-5586 0-4919

X .. 0 1^2 3 4 5 6

The estimate of p is given by

^ 3r, + 2r,+ r,-73-27.-37,
375 + 274H-Y3-72-27,-37o~

values of r" are

r': 1-0000 0-6654 0-4428 0-2746 0-1960 0-1304 -0868

The regression of 7 on /•" is

^(7-7)
S{r^-fr -®^058.

This is an estimate of —j8 and a is estimated by

a = 7 + iSr^ = 0-4677.

The regression equation becomes

7 = 0-4677 + 0-5058 (0•6654)^

Variance of the estimate of p = 13-2092 o-^

By Patterson's method, the equation becomes

7 = 0 •4952 + 0 -4884 (0 -6169)^

Variance of the estimate of /> = 14-5874 Percentage efficiency
of the proposed estimate = 110-43.

The predication power of the equation will be measured by the
simple correlation Vyy, where 7 and Ye are observed and expected
values respectively.

^YYd —A/ ^ 27 y2

and this will approach one as Y — Ye tends to zero.

6. Summary

A method of getting an estimate of p in the non-linear regression
curve 7 = flo + •"" + + Xp" have been suggested with the

6

2{Y~ YeY
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help of orthogonal polynomial coefficients and two particular cases
when all a^s are zero except and & aj are compaied with their
available methods.
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